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Improved Approximations for Shallow-Light 
Spanning and Steiner Trees 



Abstract 

For a given graph G = (V, E) with a selected root r £ V, a positive integer cost and a delay on every edge 
and a delay constraint D £ Z + , the shallow-light spanning tree (SLT) problem is to compute a minimum cost 
spanning tree in which the delay between root and every vertex is restrained by D. This problem is NP-hard and 
admits no approximation with ratio better than (1, 0(log \V\)) unless NP C DTIME(n logl ° en ) (9). This paper 
presents a factor-(l, 0(ln \V\ + In =)) approximation algorithm, which improves the best ratio of (2, 0(log \V\)) 
in |9|. To the best of our knowledge, this is also the first polynomial-time polylogarithmic approximation algorithm 
for the SLT problem which strictly obeys the delay constraint. Furthermore, we give an improved hardness result 
of (2 - e, Q(log |V|)) for approximating this problem under the assumption that NP % DTIME(n losl ° e "), and 
show that this result remains valid even when D is a fixed parameter. 

As by-product, we propose a factor- (1, 2 + lni) approximation algorithm (where t is the number of terminals 
in the given graph) for the shallow-light Steiner tree problem when the delay constraint is a fixed parameter. This 
algorithm almost achieves the best possible approximation ratio under the assumption NP % DTIME(n lo£l ° sn ). 
In addition, we give another algorithm with a ratio of (1.39 log n, logn) for the metric SLST problem. 

I. Introduction 

The well-known shallow-light Steiner tree problem (or namely the delay restrained minimum Steiner tree problem) 
is defined as below: 

Definition 1. For a graph G = (V, E) with a terminal set S, a root vertex r e S, a cost function c : E — > Z + , 
a delay function d : E — > Z + , and a delay bound D G Z + , the shallow-light Steiner tree (SLST) problem is to 
compute a minimum cost Steiner tree slst spanning all terminals of S, such that the delay from r to every terminal 
in slst is not larger than D. 

For notation briefness, we assume \V\ — n, \E\ — m, \S\ = t in graph G, and use SLST and slst to denote 
the shallow-light Steiner tree problem and an optimal shallow-light Steiner tree that satisfies delay constraint D 
respectively. SLT and sit are used similarly for the shallow-light spanning tree problem — the special case of SLST 
where S = V. For these two problems, bifactor approximation algorithms have been developed. 

Definition 2. An algorithm A is a bifactor (a, (3) -approximation for the SLST problem, if and only if for every 
instance of SLST, A computes a Steiner tree slst in polynomial time, such that the delay from r to every terminal 
in slst is bounded by a * D and the cost of Slst is bounded by (3 times of the cost of the optimal solution. 
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Noting that single factor /3-approximation is identical to bifactor (1, /^-approximation for SLST, we use them 
interchangeably in the text. 

Related Work. It is known that the SLST problem is NP-hard, and can not be approximated better than factor 
(1, O(logra)) unless NP C DTIME(n loBlosn ). This is because the Set Cover problem can be embedded into 
this problem J8). Furthermore, no polylogarithmic approximation within polynomial time complexity has been 
developed. The best work is a long standing result due to Charikar et al, which is a polylogarithmic approximation in 
quasi-polynomial time, i.e. factor-0(log 2 1) approximation within time complexity n°( log *)||2]]. Due to the difficulty 
in single factor approximation algorithm design, bifactor approximation has been investigated. Hajiaghayi et al 
presented an (0(log 2 i), 0(log i))-approximation algorithm runs in polynomial time [4|. Besides, Kapoor and 
Sarwat gave a fixed parameter approximation with bifactor {0{ p ^°^ ), O(j^jf)), where p is an input parameter 0. 
The last algorithm is an approximation that improves the cost of the tree, and is with bifactor (0(t), 0(1)) when 
p = t 0. 

When S = V, this problem becomes the shallow light spanning tree (SLT) problem, which has broad applications 
in network design, VLSI and etc. For computational complexity, the SLT problem is claimed to have a inapprox- 
imability result of (1, ft(logn)) Q. For approximation, Charikar et al's 0(log 2 n) ratio with time complexity 
n O(iogn|)||2j j s s till the best single factor result. Naor and Schieber gave a bifactor of (2, O(logn)), i.e. with delay 
and cost bounded by 2 times and O(logn) times of that of the optimal solution respectively [9 |. To the best of our 
knowledge, these are the best long standing approximation ratios till now. 

Some special cases of the SLT problem are also interesting. If edge cost is equal to the delay for each edge, 
the SLT problem remains NP-hard and admit no approximation algorithms with bifactor (a, (3) for any a > 1 and 
1 < j3 < 1 + — 0, while the best possible result for SLST is a (1 + e, 0(log(i)))-approximation |3|. Moreover, 
the SLT problem remains NP-hard when all edge delay are equal, but polynomial solvable when all edge cost are 
equal iflOt 

Our Contribution. The major result of this paper is a factor- O (inn +ln -) approximation algorithm, which is, 
to the best of our knowledge, the first polylogarithmic approximation that obeys the delay constraint strictly for 
the SLT problem. This paper also presents a factor- (2 + In t) approximation algorithm for the shallow-light Steiner 
tree (SLST) problem when the delay constraint D is a fixed parameter. 

This paper also shows that unless NP C DTIME(n}° sl ° sn ) the shallow light spanning tree problem is NP-hard, 
and admits no (a, /^-approximation algorithm for any a < 2 and /3 < Inn. Furthermore, this result remains valid 
for several special cases of SLT. 

As by-products, this paper investigates SLST in metric graphs, i.e. graphs in which c(u, v)+c(v, w) < c(u, w) and 
d(u, v) + d(v, w) < d(u, w) hold for edges (u, v), (v, w) and (u, w), and presents a simple bifactor- (log t, p log t)- 
approximation, where p = 1.39 is the best ratio known to approximate the undirected Steiner tree problem [JTj . 
This improves the approximation ratio of applying the known algorithms for the general graphs A3, |0], 0. 

All of our approximation algorithms can be used for other related problems such as the bounded diameter Steiner 
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Algorithm 1 Construction of auxiliary graph H. 

Input: Graph G = (V, E) with terminal set S C V, a root vertex r G S, cost c : e — » Z + and delay d : e — > Z + 
on every edge e £ E, and a delay constraint D; 
Output: Auxiliary acyclic graph H. 

1) For every vertex v\ of V \ {r}, add to H vertices vj, . . . , vf, together with vertex U; as well as cost-0 edges 
from v\ to vi for all i = 1 , . . . , D ; 

2) For every edge e = (vj, vi) G E where Vj ^ r, add to H edges ^wj, vf^ +1 \ , . . . , /vj 3 rf ^ e \ vf^, each of 
which is with cost c(e); 

3) Add to H vertex r , and edge (r,vf^ e ^ of cost c(e) for every edge e = (r, vi); 

4) Set 5h = {si\si G 5} as the terminal set of H. 



tree problem, the terminal spanning tree problem and etc. 

The following paragraphs are organized as follows: Section 2 presents a factor- (2 + Int) approximation for the 
SLST problem when D is a fixed parameter and a factor-0(lnn + In -) approximation algorithm for the SLT 
problem; Section 3 analyzes the hardness of approximating the SLT problem and several related problems; Section 
4 gives a(logi, 1.39 log ^-approximation for the metric SLST. 

II. Approximation Algorithms for the SLST and SLT problem 

In this section we shall approximate the shallow-light Steiner tree (SLST) problem and the shallow-light spanning 
tree (SLT) problem respectively. Intuitively, our main observation is that the difficulty of computing a sit or a slst 
comes from the need of obeying the given delay constraint. Therefore, the main idea of our algorithm is to construct 
an auxiliary graph H in which the delay constraint is embedded implicitly, i.e. every tree in H naturally satisfies 
the given delay constraint in H. Given a graph G = (V, E) with positive integer cost and delay on every edge, the 
algorithm to construct the auxiliary acyclic graph H is as shown in Algorithm Q] (An example of such construction 
is as depicted in Figure [TJ. 

Lemma 3. A minimum cost directed Steiner tree rooted at r in H contains at most one vertex of {vf, . . . , vf} for 
each I, and exactly one vertex of {vj , . . . , vf } when vi is an terminal. 

Proof: Let R be a 7--rooted minimum directed Steiner tree. Firstly, suppose R contains vf and vj +A . Then a 
directed Steiner tree R' with less cost than R can be obtained, by removing the edge entering v{ +A and replacing 
every edge in the subtree of R that roots at vj +A , say (v l ^ A , U /V +A ^ by edge (v^, u^/V This contradicts with the 
fact that R is minimum. 

Secondly and clearly, when Vi is a terminal, R contains at least one vertex of {vj, . . . , vf}, since {vj, . . . ,vf} 
is exactly the set of neighbor vertices of vi in H. ■ 
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cost-2 edge cost-1 edge cost-0 edge 

Figure 1. Construction of acyclic graphs. 

Theorem 4. Denoted by Sh the set of terminal vertices {s\, . . . , St} in H, then there exists a r-rooted directed 
Steiner tree spanning Sh with minimum cost C in H iff there exists a Steiner tree spanning S of minimum cost C 
with delay between r and every terminal restrained by D in G. 

Proof: Let R be a minimum cost directed Steiner tree rooted at r in H. Let R' be a subgraph of G, in 
which e(vj,Vi) G R' if and only if there exists e(vj 3 ,v\ l ) G R. Then because c(vj,vi) = c(i>* 3 ,Uj ! ), we have 
c(R') — c(R). It remains to show R 1 is a Steiner tree. From Lemma [3] \{vj, . . . , vP} f)R\ < 1 holds for every /. 
Then because R is a tree, R' contains no loops or parallel edges. Since every terminal of Sh is reachable from r, 
all terminals of S are connected to r in R' . Therefore, R' is a Steiner tree of G. 

Let R' be a Steiner tree of G. Then there is a unique path from root r to every other vertex of R'. Hence, 
every vertex of R 1 has a unique delay from r. Let R contains edge (u^" , vf) for every Vj G Sh, and edge 
(v^ Vj \ v ^ v ^ +d ^ V],Vl ^ if anc [ on iy if (y^ v ^ £ R\ where d{vf) is the delay from r to Vj and d(Vj, v{) is the delay 
from Vj to vi. Since the delay of from r to every vertex in R' is not larger than D, edge (v* \ yp Vs ' +d ^- V:i ' Vl '^ 
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belongs to H, and hence R C H. Then because every Vj £ R is reachable from r and no loop or parallel edge 
exists following the construction of R, R is a Steiner tree in H with cost c(R) < c(R'). This completes the proof. 

■ 

A. An Approximation Algorithm for the SLST Problem When D is a Fixed Parameter 

From Theorem @] it is easy to obtain an algorithm for the SLST problem by computing a minimum cost directed 
Steiner tree in H. Though the directed Steiner tree problem is NP-hard and maybe even more difficult to approximate 
than SLST, i-e- only a quasi-polynomial time algorithm with a polylogarithmic approximation factor is known []2], 
polylogarithmic approximations have been developed for acyclic graph with restrained level, where level is maximal 
number of edges on a path of the graph. 

Proposition 5. HI IV For given acyclic graphs G — (V, E) with level restricted by D and terminal set S C V, 
the directed Steiner tree problem admits approximation algorithms with ratio 2 + lni and time complexity 0{a + 
n D-ljp^ where a is the time to compute all pairs of shortest paths. 

Since the graph H is an acyclic graph with level restricted by D, an approximation algorithm for the SLST 
Problem can be obtained immediately following Proposition [5] Observing that H contains m * D edges, n * D 
vertices and t terminals, we have: 

Theorem 6. When D is fixed, the SLST problem can be approximated within a factor of hit + 2 in time 0(m * 
D + n * D log(n * D) + (n * D) ^ 1 ^), where 0(m * D + n * D log(n * D)) is the time needed to compute all 
pair shortest paths since all terminals except r is with out-degree in H. 

Remark 7. Following the complexity result we gave in the next section, the polylogarithmic approximation ratio 
given by Theorem [6] is almost the best possible result unless NP C DTIME(n logl ° sn ). 

B. Approximating the SLT problem 

This section investigates the SLT problem and develops an approximation to compute a sit obeying the delay 
constraint and with cost bounded by 0(\nn + ln-)OPT, where OPT is the cost of the optimal solution. The 
algorithm is basically a greedy approach, in which the main idea is to computes M(H), a shortest path tree 
spanning Sh in H, and then improves M(H) toward a promising solution in iterations. The improving phase 
repeats computing edge (vi,Vj) with minimum m(h)- V m\h') amon § a ^ 3 unt il M(H) < 1, and then return 
M(H) as our solution. 

SinceA/(if) is a directed Steiner tree spanning Sh = • • • , v n } in H, following Theorem|4]T is a spanning 
tree in G that satisfies the given delay constraint. So we have the correctness of the algorithm. 

In each iteration M(H) — M(H') > holds and both M(H) and M(H') are positive integers, so Algorithm 
at most repeats Step 2 for 0(M(H)) = 0(t * OPT) times, each of which takes 0(m 2 D 2 + mnD 2 log(nD)) 
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Algorithm 2 An approximation algorithm for the shallow light spanning tree problem. 

Input: Graph G — (V, E) , a root vertex r € V, a cost c : e — 5- Z + a delay d : e — > Z + , and a delay constraint D; 
Output: A spanning tree T in which the delay from r to every vertex is restrained by D. 

1) Construct auxiliary graph H as in Algorithm Q] set Sh := V; 

2) While M(H) > 1 do 

a) Compute a pair of terminals (v^vj) of V, such that M(H) — M(H') > holds, and 
m(h)-m\h') attams minimum among all i, j, where H 1 is H except the cost of edges 
v l ' v j +d ^" % /■>•■■■> \ v f d< " Vz ' V] \vj'\ are set to and the cost of edge e, which enters 



v 



l+d(vi,Vj) D 



,Vj, are set to max{0, c(e) — c(vi,Vj)}; 



j > ' 3 

/*If e is chosen in later iterations, then e instead of (u, , Uj ) will be used to compose T. Hence in this 
case the cost increment should be at most c(e) — c(vi,Vj), and to get an approximation we use its 
relaxation max{0, c(e) — c(vi,Vj)} in this step.*/ 
b) H <- H'\ 

3) Return T C G that corresponds to M(H) of last iteration. 



time to compute minimum m{h)—m^(H' ) • Other steps in Algorithm [2] consumes trivial time comparing to Step 2. 
Therefore, we have: 

Lemma 8. Algorithm\2\works correctly and runs in pseudo-polynomial time 0(n* OPT * mD 2 (m + n log(nD)). 

It remains to show the performance guarantee of Algorithm |2] We start from the simple proposition in the 
following: 

Proposition 9. IfM(H) > K*OPT, then there exists (v h vj) such that m{ h)-m\h') - ~R and M ( H )- M i H ') > 
hold. 

Proof: Suppose this proposition is not true, then for every edge (vi,Vj), m(h)-m\h') ^ Tc n °lds. That is, 
every positive cost edge of sit appears at most \K~\ — 1 times in {P(r,Vi)\i — 1, . . . , n}, which is the set of 
shortest paths from r to every terminal in the optimal sit. Hence, we have Y^=x P( r T v i) — (T^H — 1)0 PT. On 
the other hand M(H) is the shortest path tree, so M(H) < Y27=i P( r T v i) holds. Therefore, we have M(H) < 
(\K] - 1)0 PT <K * OPT, contradicting with M(H) >K* OPT. ■ 

Lemma 10. Algorithm\2\is with ratio 0(ln(n * OPT)). 

Proof: Following Theorem @] T obviously obeys the given delay constraint. So it remains to show the cost 
constraint of T. Assume the cost of edge (vi, vf) chosen in iterations are c%, . . . , Ci, . . . , Ch, the cost of the minimum 
trees are Mq, . . . , Mi, . . . , Mh = 0, and the ratios are K%, . . . , Kh respectively, then following Proposition [9] we 
have 
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Eti^i < Etii( M -i-^) 

So 

^P^ 1 < EtlK^PT(^-l-^)- 

Then because Mi < Ki + i * OPT, we have 

5^ < Etiir(^-i- M i)</i Mo ^ = 1 nMo. 

Therefore the ratio of Algorithm |2] is 0(\n(n * OPT)), and it attains maximum when Mi_i — Mj = 1 for each 



?. 



Following the technique of polynomial-time approximation scheme (PTAS) design, we firstly shrink the size of 



OPT to 0( — ) by setting the cost of edge e to 



n*c(e) 



where e max is the edge of H with maximum cost; 



e*c(e maI ) 

and secondly apply Algorithm [2] to graph H with new cost on edges. Then following the same line of designing a 
PTAS 1 7 1, the cost of the resulting solution is at most as below: 

(OPT + e * c(e m ax)) * 0(ln(n * OPT)) < OPT* (1 + e) * 0(lnn + In -). 

From Lemma[8] the time complexity of the algorithm is 0( n ^-mD 2 (m + n log(roD)) after shrinking OPT to 0(— ). 
Hence, we have 

Theorem 11. Algorithm\2\is with ratio 0(lnn + In i) and time complexity 0(^mD 2 (m + nlog(nD)). 

Because a s^si does not contains all vertices of graph G, Algorithmic can not be applied to approximate SLST 
This fits the fact that many spanning problems are easier than their Steiner versions, e.g. minimum spanning tree 
v.s. Steiner tree, minimum arborescence v.s. directed Steiner tree and etc. 

III. Computational Complexity of the Shallow-Light Spanning Tree Problem 

This section investigates the hardness of approximating the SLT problem. Since SLT is special case of SLST 
when S = V, similar hardness result for SLST follows immediately. 

Theorem 12. The Shallow-Light spanning tree problem is NP-hard, and for any 1 < a < 2 it admits no (a, 0)- 
approximation algorithm with (3 < Inn unless NP C DTIME(n}° sl ° sn ). 

Proof: We prove this theorem by reducing the decision form of Set Cover to SLT's decision form, which is 
as below: For a given graph G — (V, E) with positive edge cost and delay, a root r £ V and two positive integer 
C and D as cost and delay constraint respectively, the decision form of SLT is to answer whether there exists in 
G a spanning tree with cost bounded by C and delay from root to every vertex bounded by D. For a set system 
(14, S) with Us es &i = M< weights c : Si — > Z + , and a given cost constraint Y G Z + , the Set Cover problem is 
to answer whether there exists a subfamily 1Z C S, such that [Js en^i = U and J2s en c (Si) < Y holds. 
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(delay=0, cost=0) edge (1, 0) edge (0, 1) edge 

Figure 2. Construction of auxiliary graph H for an instance of Set Cover: U = {u\, U2, U3, U4}, S = {Si, 52, S3, S4}, sets Si = {ui, 112}, 
S2 = {u2,U4}, S3 = {ui,M3,n4}, S4 = {112,113} with cost 1, and Y = 2. (a) The constructed auxiliary graph; (b) The shallow-light tree 
corresponding to a feasible solution of the instance. 



For a given instance of Set Cover, we construct an auxiliary graph H in which the SLT problem is feasible iff 
the given Set Cover instance is feasible. The construction is as below: 

1) For each u£U and Si £ S, add vertex v u to V(U) and v Si to V(S), and set V(H) = V(U) U V(S) ; 

2) For every pair of u and Si that u £ Si, add edge e = [v u , v Si ) to H, and set its delay to 1 and cost to 0; 

3) Add root vertex r to H, together with edges from r to every vertex v £ Vs, and set e(r, v) with delay and 
cost c(Si); 

4) Add to H a dummy vertex p, together with an edge from r to p with cost and delay 0, as well as edges 
from p to every vertex v £ V(S) with cost and delay 1. 

From Lemma [T3l as stated below, we have the correctness of this theorem. ■ 

Lemma 13. H contains a spanning tree rooted at r with cost bounded by Y and delay of every vertex to r bounded 
by 1 iff there exists a Set Cover on (U, S) with cost bounded by Y. 

Proof: Assume that the sets of S 1 C S is a feasible solution for a given Set Cover instance, i.e. it covers all 
element of U and Yls-eS' c (^i) — ^ ■ Let V(S') be the set of vertices corresponding to the sets in S'. Let T be 
a set of edges in H that T = {e(v u ,v Si )\u £ Si} U {e(r,v)\v £ V(S') U {p}} U {e{p, v)\v £ V(S) \ V(S')}. We 
shall show that T is a spanning tree in H with promised cost and delay. Note that T is composed by three sets of 
edges as below: (1) E\ — {e(v u ,v Si )\u £ Si with smallest i}, the set of edges corresponding to relationship that 
u £ Si, (2) Ei = {e(r,v)\v £ V(S') U {p}}, the set of edges connecting r to every vertex of V(S') U {p}; (3) 
E3 = {e(p, v)\v £ V(S) \ V(S')}, the set of edges connecting p to every vertex of V(S) \ V(S'). Because E\, E2 
and Es contains exactly one edge incident every vertex of V(U), V(S') U {p}, and V(S) \ V(S') respectively, T 
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contains |V(i?)| edges and no loops. Hence, T is a spanning tree following the definition of a tree [7). It remains 
to show that the cost and delay of T satisfy the given restraint. On one hand, the cost of T is equal to Yls-eS' c (^i) 
and hence bounded by Y; on the other hand, the delay from r to every vertex is no larger than 1 . 

Conversely, assume there is a spanning tree T with cost bounded by Y and delay bounded by 1, then set 
S' = {Si\v St £ T[V{U)UV{S)}}, where T[V(U)UV(S)} are the edges in T that between vertices of V(U)UV(S)). 
We shall show that S' is a feasible solution for the given instance of Set Cover. Firstly, T is a tree spanning all 
vertices of V(U). Then because all edges joining vertices of V(U) join only vertices of V(S), T[V(U) U 
contains exactly those edges of T join vertices of V(U). Hence S' is a solution to the given Set Cover instance. It 
remains to show the cost constraint of using T[V(U) U V(S')] as a solution to the Set Cover instance, i.e. to show 
cost of S' is bounded by the cost of T(r, V(S)). Because in T every vertex of V(U) has delay at most 1 from r, 
T must contains edges between r and the vertices in V(S) adjacent to V(U). Thus, c(S') < c(T(r, V(S))) holds. 
These complete the proof. ■ 

Noting that in the transformation, the delay constraint of sit is 1, we have the following corollary: 

Corollary 14. Unless NP C DTIME(n losl ° 6n ), the shallow-light spanning tree problem admits no (a, ft)- 
approximation algorithm for any a S [1,2) and ft < O(lnn) even when the given delay constraint D is a fixed 
parameter. 

Let all edges in H be with delay 1, Lemma [T3l and Theorem fT2l remains true excepting the delay restraint for 
the spanning tree is 2. Hence, we have: 

Corollary 15. The SLT problem is NP-hard, even when every edge is with unit delay. In this case, it is (| — 
e, n(\nn))-hard to be approximated unless NP C DTIME(n Xo& lo e ™). 

IV. Approximating the Metric Shallow-Light Steiner tree problem 

In this section, we investigate approximation algorithms for the metric Shallow-Light Steiner tree (SLST) problem. 
The basic observation is that though Algorithm [2] can not work for SLST immediately, approximation algorithms 
can be developed by constructing auxiliary graphs H similar to the algorithm in Section 2. Observing the hardness 
of approximating directed Steiner tree, we compute undirected Steiner tree (instead of directed ones) in underlying 
graph of H in iterations and obtain a slst from them. The details of the algorithm are as in the following: 

Theorem 16. Algorithm\3\returns a spanning tree T, in which delay from r to every vertex of S\{r} is restrained 
by D * logn, and cost bounded by 1.39 log n times of the cost of the optimal solution. 



2 



obviously holds. Hence the algorithm runs 



Proof: In Algorithm [3] for the S 1 computed in step 4, S' < 
in log t iterations. Then the delay of T is bounded by D * log t as promised, since in each iteration delay of Sml 
is bounded by D. 

It remains to show that the cost of T is bounded. Following Algorithm [3] we have c(T) < \ogt * c(Smt). By 
Byrka's algorithm |fl~|, c(Smt) < 1.39* c{Smt*) in U H . Since U H is the undirected version of H, c(Smt* (Uh)) < 
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Algorithm 3 An approximation for the shallow light spanning tree problem 

Input: Graph G = (V, E) with a terminal set S C V, a root vertex r e S, a cost c : e — ► Z + a delay d : e — > Z + , 
and a delay constraint D; 
Output: a Steiner tree T. 

1) Construct auxiliary graph H as the method in Section 2; 

2) Compute a Steiner tree Smt connecting r and terminals 5 in Ujj, the undirected underlying graph of H by 
the algorithm of (TJ; 

3) Set the direction of the edges of Smt the same as edges in H, and let SVrit be the resulting graph; 

4) Assume V' = {vf^ , . . . , v? k } are vertices with in-degree in Smt, then compute a subset of S' C V , such 
that all terminals of S are reachable from S' in Smt ; 

5) If \S'\ < 2, then compute optimal directed Steiner tree connecting r and S', return T that is composed by 
the edges of the computed Smts; 

Else set S = S', go to Step 2. 



c(Smt*(H)). Following Theorem |4] c(Smt*(H)) < c(T*) is true. Therefore, from these four inequalities above, 
c(T) < c(T*) * 1.39 log* holds. ■ 
For the time complexity, Step 1 in algorithm takes 0(mD) time to construct graph H, Step 2 takes 0(n 2 D 2 ) 
time to approximate a Steiner tree, and Step 3 runs in time 0(mD) to release the spanning tree. Hence, we have: 

Lemma 17. The time complexity of Algorithm\3\is 0(n 2 D 2 ). 

Remark 18. We note that Algorithm [3] is of pseudo-polynomial time complexity since the size of graph H is \E\ *D. 
However, by using the traditional technique of polynomial time approximation scheme design |7| and shrinking 
the size of D to similar to Subsection 2.2, we can easily obtain a polynomial-time algorithm with bifactor 
approximation ratio (1.39 * (1 + e) log n, (l + e)logn) and time complexity 0(\V\ 4 \e 2 ). 

V. Conclusion 

This paper investigated approximation algorithms and inapproximability for the SLT problem, and the major result 
is a factor-0(ln n + In =■) approximation. Naturally, a problem remained open is whether design of factor-O(lnrt) 
approximations for the SLT problem is possible. Besides, it also remains open to design approximation algorithms 
for the metric SLST problem or metric SLT problem within better bifactor ratio. 
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